Abstract. John Harer conjectured that the canonical map from braid group to mapping class group induces zero homology homomorphism. To prove the conjecture it suffices to show that this map preserves the first Araki-Kudo-Dyer-Lashof operation. To get information on this homology operation we need to investigate the image of braiding under the Harer map. The main result of this paper is to give both algebraic and geometric interpretations of the image of braiding under the Harer map. For this we need to calculate long chains of consecutive actions of Dehn twists on the fundamental group of surface.
Introduction
Let B n be the Artin's braid group of n strings. Let Γ g,1 be the mapping class group of self-homeomorphisms of the surface S g,1 which is a compact orientable surface of genus g with one boundary component. It has been well-known that Γ g,1 is generated by 2g + 1 Dehn twists a 1 , a 2 , b 1 , b 2 , . . . , b g , w 1 , . . . , w g−1 ([5] , [9] ). This map, called Harer map, is a well-defined group homomorphism since two Dehn twists α and β which transversally intersect at one point satisfy the braid relation αβα = βαβ. It was conjectured in the middle of 1980's by Harer that the homology homomorphism φ * : The homology of the infinite braid group is well-known ( [2] ):
Moreover, we have that Q 1 (a i ) = a i+1 , where Q 1 is the first ArakiKudo-Dyer-Lashof operation ( [3] ). Since H 1 (Γ ∞ ; Z/2) = 0, in order to prove the Harer conjecture, it suffices to show that the homology homomorphism induced by the Harer map preserves the first ArakiKudo-Dyer-Lashof operation Q 1 which arises from the double loop space structure of BB + ∞ and also of BΓ + ∞ . A monoidal category C is called a braided monoidal category if for each pair of objects A, B of C, there is a natural commutativity isomor-
is called a braiding. The naturality of braiding means that for any morphisms f :
It was shown by Z. Fiedorowicz that the group completion of the classifying space of a braided monoidal category is homotopy equivalent to a double loop space, and its converse also holds. The first ArakiKudo-Dyer-Lashof operation acting on the homology of a double loop space rises from the braid structure. Hence in order to understand this homology operation we need to research into the braiding.
Let B be the collection (or disjoint union) of braid groups, then it may be regarded as a braided monoidal category whose objects are nonnegative integers. It is equipped with the obvious braiding β r,s ∈ B r+s which is regarded as an isomorphism from r + s to s + r. For better understanding of the image of the homology homomorphism induced by the map φ, we need to investigate the image of the braiding under φ.
Let 1 may be regarded as a subgroup of the automorphism group of π 1 S g,1 which consists of the automorphisms fixing the fundamental relator
] representing the closed curve along the boundary of S g, 1 .
The main result of this paper is to show whatβ g,g really is in Aut F 2g , that is, to show howβ g,g acts on F {x 1 ,y 1 ,...,x 2g ,y 2g } . We also give geometric descriptions of the resulting loops of the action. These are important informations for understanding the nature of the Harer homology homomorphism. The proof is obtained by tracking the transformations of various loops and long hand calculations. We may also perform the algebraic calculations by using a computer program. In the calculations it is very important to set up suitable orientations of generating loops of π 1 S g,1 which are compatible, in our calculations, with the actions of Dehn twists.
Braid groups and mapping class groups
Let B n be the braid group of n strings generated by β 1 , . . . , β n−1 which satisfy the braid relation
B n be the disjoint union of braid groups which may be regarded as the category whose objects are nonnegative integers. B is a monoidal braided category whose monoidal structure is the juxtaposition of two braids. The (r, s)-braiding β r,s ∈ B r+s which is regarded as a morphism β r,s : r + s −→ s + r is the braid joining the first r points on the top and the last r points on the bottom, and also the last s points on the top and the first s points on the bottom.
The braiding β r,s ∈ B r+s is expressed in terms of the generators as twists a 1 , a 2 , b 1 , b 2 , . . . , b g , w 1 , w 2 , . . . , w g−1 in Γ g,1 . (See Figure 1. ) Let z i be the loop in π 1 S g,1 parallel to the Dehn twist w i , then we have
The following figure shows this. 
The action of the image of braiding under the Harer map
Let a 1 , a 2 , b 1 , b 2 , . . . , b g , w 1 , w 2 , . . . , w g−1 be the standard Dehn twists as in Figure 1 . The Harer map φ : B 2g → Γ g,1 is defined by
The Harer conjecture is that φ induces a trivial homology homomorphism for Z/2 -coefficient. In order to prove the conjecture it suffices to show that the homomorphism φ * preserves the first Araki-Kudo-DyerLashof operation Q 1 which arises from the braid structure of the braided monoidal category B of braid groups. In order to understand the image of Harer homology homomorphism we need to investigate the image of braidings, that is, for braiding β 2g,2g ∈ B 4g we are going to figure out what φ(β 2g,2g ) =β g,g ∈ Γ 2g,1 is as an automorphism of π 1 S g,1 . We first need to understand the actions of the standard Dehn twists.
. . , w 2g−1 be the Dehn twists as in Figure 1 which generate Γ 2g,1 . Then they act on π 1 S 2g,1 as follows :
The automorphisms in this lemma fix the generators that do not appear in the list. The proof of this lemma is obtained by drawing the loops transformed by the corresponding Dehn twists and express the resulting loops in terms of the generators of π 1 S g,1 .
The following lemma is useful in making the geometric interpretation of loops which will later arise as results of action of Dehn twists.
] be elements of π 1 S 2g,1 , then the following loops represent them :
Let β 2g,2g ∈ F 4g be the usual (2g, 2g)-braiding. For the map φ :
, then it is regarded as an element in Autπ 1 S 2g,1 . We like to figure out whatβ g,g is. Here is our main result. F {x 1 ,y 1 ,. ..,xg,yg} as follows :
The proof of this theorem is obtained by long hand calculations tracking many consecutive actions of Dehn twists according to the actions described in Lemma 3.1. Note thatβ g,g is actually a kind of (2g, 2g)-braiding in the category which is a disjoint union of mapping class groups Γ 2g,1 .
The geometric description of the action ofβ g,g is as important as the algebraic description. Let us consider the case where g = 2, that is, consider the geometric expression of the action ofβ 2,2 on the generators of π 1 S 4,1 . It is easy to see these actions for more general case extending the above action to general genus g, except the action on x g+i (for 1 ≤ i ≤ g − 1). Note that the action on x 2g is a little different from that on x g+i for 1 ≤ i ≤ g − 1. Here is the geometric description of the action ofβ g,g on x g+i . ¡ ¢ £ ¤ ¥ ¦ § Figure 5 .
